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thuses nen tollif wswim
E_:r_PomSlon LN Spkexu'cai harmorucs

I{: woll be conuenient to recnewy Some uector

ovr\aLgSls using OP‘L‘“\OSOF\O./Q curum Unear coordinates.
A uUector @ Can be decomposed into a Sum of

components along unit vectors 1, (¢=1,2,3):
3
Q= Z Qzﬁi
i=1

where we Ju.S’C f‘eﬁf"“:"e that the unit vectors be
ochhOSOna.ﬂ and. that the coordinate system be r{gh’t"
haneroQ} t. e, ‘H‘\at

ik'ij
ﬁ%xiz = 1,

The coordinate axes need not be s{_-ra_iahi: LineS.The

1l

1, =k
Op =
J 0 ; j*Rk

)

only reg}uu‘rerment ts that Speu‘F—x‘ca{{on of a vatue
for each of three coordinates Z; ,rgq., s be suf-
(telent to locate a Pocnf: in space. Amn (ncrement
dt in any Coordinate does not m Qe,ne;a,e cor-
reSPon& to a LenatH cUSPlacement - often a
coordinate will be an angle for example— e
9eneroﬂ a Scale facter b s reg?w‘rea@ such that
an cherement of Lengfh olonj the tth coordinate
'S dﬁ;:‘-hgdcl . The sScale factors are (n
genecak  funetions of posibion , e.g. hy=h (6,65,

For +he usual Carteslan coorddnate system :

h,{nhzzhz’: i
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We shatt be interested o spherical cordinate

S&ijem ) where
~ = radual dustance (r30)

6 = Polar angle (046$Cﬂ'>

CP = a2limuth ansle (Osc() <25ﬂ’)

From the Fiju.re it followsS
Lthaot the scate factors oare

he =h, = 1
hezhzz e

h(P ::hB = F‘Su'\e
functon F’(tf,“?:. t:)

is the uector function that gives the magrutude

and durectlen of the maxirmum direcBonal deriv-
abue of the scalar or

grad F = Z: /i

T‘Oe aUuefﬁer\Ce. of a vector {:ur\chon G‘(C4,E2,‘C,\
is the Scalar Func-l:—ton defined bj

: { 2
Mo G = Z 527“’?@67)

k¥ ¢

LQF[QCQ 's eiua’h'on Vzlp =0 can nows be written
VZ'LP = o grad ¥

| 3 [hih D
h, hohs Zat; <"’Lf“"z/i>=0
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For Cartesian coordinates this reoctuces o

Vz"-\f"?——}-—b +?.?1p +§i4i:: O
2x* Sy o2%

Euerj solution 'er of thus ec_.}uah'on {g called

a harmonic function. Many such funch'ons can

be written dJdown .‘mmeoh'afe(,a) iz,

%, 4,2, xy, Y2, 2, g% yre® 2Tt
oM sabisfying TP =0. AL these funchions
are of hornogeneous degree v X, y,2 . We can
exrre‘ss x,q, and 2Z < terms of S})her-’ca,ﬂ
cooroclnates:

= r"‘SanSCoSQD , Y= F‘S.Lnésingp , 2= rcos 6
A harrmonic funechon of hemogeneous degree n

in %,4Y,Z2 can then be expressed as p"Sn(e,cp),
Such o funchon (s called a spherical harmonic
funeton of degree n; n may be pesibice or
neaaﬁue but (s cons/dered to be an integer.

Of course, not every homosel’\QOu.S‘ ex pression of
deﬁree N s a sSolution of Vz'([f:O. This expression
'LmPoses certaun Umitaticas on the harmonic
function as we shatt see. The functon 3J(6, CP)
obv\'crus(ﬁ cnvolves & and @ through sinE and
cos© to the degree n at most , and Sihgp  andl
cos @ Gkeurise. Powers of Sc‘ncp an L c©S can

be 'bf&ﬂS’Forme& ':h't‘o Stnes anl CoS;nes OF



(‘_n'\’:eaho_,q Wh'PLQS GF qo. r':Of eDCCu“*nPLG‘) we que
CosscF = —(l(; (COSSCP + Scos BCP + 10 cos cp)
- : . .
Sun CPr T(:(Sm 5(? "55Ln3cP +‘(O SmcF)

The general e>pression s ?uvlée cumbersome
AU Hhat we need here though, is &uSt the
ossurance of the fFact that we _gg_c’brans{zorm
po wers of the '(:ijonomehm‘c Fanctons nto
QJCP!’(’SSI‘OI'\S anoLv?.ng mu,M“iPLos of the ongle .
CoUPcb‘hﬁ terms ih\/oLer\S M@ we may express
Sn n the POP”;
Sn = Zogn,m (9) COS(’“CP+C,T>
=

where %e , COeFQ'c;enfs Sh,m are chﬁ'ons oF

& cmL:) The phase-angles &7 d’,qse- Serve o
elminate the Swne-terms,

\/\/r‘ih‘ng L-aplace‘s eiuah‘on tn Spherical coox-
dianates we immeaLIcu':eL:j get (with the proper
Scale Lactors)

V21 = — \ l(rzsmeﬁfﬁi(sm@%%%%(g%%%
= 2 5(2E). L GEne ) L S

r2 _
or or ‘U\ZQ "——"ac?z

[ G

o6

=0 |
By Subs'f:i'éu.h’r\s ‘Pﬂpg,it(@,q?) cn  this express.con the

result becormes



n-2 A Sn 0%Sn
r~ {n(n-ﬂ)s +SL689( 886) — eaq) } O

or bj ohtnd,uwﬁ rn—-Z arsay and? seffms cz:s@r-/u‘

Aln+1)S,, + M((4 /uz)asnj+ 3°Sn o .
—u? dg* ’
B"S 2S [ a%S
2, — n n
> Q—/M +n(n+l)S, + It Bg? = 0

Thas ts ‘Ehe CohoLthon a funchon S, Must Satshy
tn order that (t be a solubben to LaPlQCe's e?uah‘on.
The degree N of the harmonic enters through
+the Eterm hCh’*'“)Sn onLt’, Thais term (s uhchqnsecp

L«F n s Chanaeo? to "(n-;-'()) se that Z-F r’hSn LS

a Solub'on , So afso (s r”("*‘)Sh

On waSfH:ui'a'ng the expressiom for Sn n
terms of sn,m and costne of ML‘ECPIQS O’CCP ‘nto
the dufferential eg}_ua.h‘or\ above we get
n : 2

—_ %
“ M a/ﬂ. oM 2
Q.

| M
+ [h(nﬂ) - 1”/42]911,“1}&35 (mso —f—é:r’;”) = 0
Becouse of the u,ru‘g}ueness of the Fouwrlier expamsior\
the factor of each term of cos Cmep +&) must carush
Separately for the whole sum to vanish for all

values of @. Hence we get that the funchtons S"J/m

must Saé\‘spj
2%s, M 2
(’("" 2) n(h—f-") ....--[—(——Y—\—'2 5!’\ M = O

‘/‘ ]




Y,
Tt s S%Y‘aishf\corwwcﬁ-— ouU:Jnouﬁlq rather teclious -~

to show that the assocated Leaencﬁre Lunchons

?m (/u) Whphe& by arbe Rar\j constants C:
Sabsty d/usf—’ this {JF"— of conctition. We +herefore
haue that the Senero,ﬂ harmorie funchon e;cpres&blc
‘n Ln%:e«a/ral powers of Xy, andd Z s a sum of
harmonics n”Sn(G,@B of all degrees n, nomely

r‘n nC:qP:n o‘ ':
Z ™2 G () cos (me )

AS we sans o.bove F r‘nSn s a solubon so s afso
*(n'M)S ; we tHhas estahlsh that the general

har monic -Pu.f\c:ban ~€XPP€SSible ‘N cn{-earo_ﬁ powers

of f‘—i (s

Z‘tr_w(nwl)zcm ’hgu) s (mq9+ & )

We note that the 'm en an )efc) (s a super-
Scr,'P{r ondd not en exPonent,

ConSL'chr" a Spher‘e_ bu;“l“"\ radius o % an ol a

pof:enh‘a,i 'L’J‘ oser the surface . If the potentyal

arises from within the sphere only (t st vanish
at Lr\{;m{j and “H'\Qfei:‘ore no POS('{"‘U'-Q_ powers oF

™ Can occcur wn the eDCPQNSLor\ for ‘l)(r fnence we

may  exXpress q‘; ‘For ~2 a os

U, = aé (a/r)nMSn(G, ®)



We haue unserted the facter a (the racl - o{iw

Lhe SP}\@;@> to 3Lue “(fhe"’ar‘bi{*rar\cj constanmts n
Sn the PL\A&S"CCDQ dimension of force., I—? we
Consticler Solelfj G po’oenh‘aj qr:’sf,ng Frorm out-
side *he sphere then Y must be {laite through-

sut the dnterior andd so no hfgaffue pouwrers of

r can appear (n ‘the eoc"P'cms’Lon for ”L‘V Hence

-For I’\§Q¢ o n
Q\J‘Oug an—;o (r a) Sn (6/ CP>

Le£ usS now consider two Conhcentr ¢ Spf’\eres ww tER
racl i rs and S (rogr:s) respech‘ue(ﬂ. The potentiaf

between therm arigses from sources elther ‘nside or out-
side the spherical shell. We write thence:

ZZ P (/u (r‘o) M{ATiCOS Mg + B::.Sénmcf}

Uz nZo ;B'Pm(/u ( 3 %A":OCOS me + B:‘O’Sfﬂ mC(?}

and hence

W = Pt Y ZZO(/“)

h=0p Mm=0

(r)ﬂ+4m @an]c
iu.. i A“i H .’-:(?:;) Ano OSMCF *

0

—~ <l"o>ﬂ+4 n
m r- m .
— B . _§_, ..E_., Stﬂ mnm
[\ nl 1 ~\ 75 Bno @




AT ~4

. . m
We can dntrodnuce Pa'hqs c? and £ so that
the oaboue expms:‘or\ can be written

U = %ii?:(ﬂ{[(ﬂ)m k (—"l)nc':] AT cosmp +

X

L - 25 s ’”‘4

Where we hauve omitted the subscript 'i' anM and B,

For (1() +o be z2ero on the surface of the sPHere
w th =y b s sufficient that

S‘?_)n+4+ E(Eﬁ)ncm B (f'o >n+-4
Fs Ars/) N\ (i)h"‘o’d—r

| —-(n+2) n+2
Cp = th = - (P.S/Po) = - (é)

A

where the 5u_f:>erscripi: ' Ras been o&roppeo? as &
does not acecur on Hhe rishthancﬂ scde .

As rg—> ®, the value of < tends to zero
as expected when we move the esaternagl Scurces
o ‘m{um“ég- If =5 we see that o> -4 Just
eﬂf'/Pf“eSSt‘«na the fact +that the unternal and esx-
ternad Sources must gaue nse o Cancebb[n% po —
tenbals. We cauwhion that the ¢ and are
not the same as used tn Chapman and Bartels (1940)

or by prevfous workers (Altschwler and N&UW‘Q?
a6A ; A ltschuler et at., (977 @JesebieterJICl'?'?),

To obtaln a standardl potatyon we write 9:‘ Sfor A’:

m «
er\& hm -For Bn' Because Cn:th we can @ir\qLL wrs te:




weons 3 [ E g,

Nn=0 m=0
m
ESnCOSmc? + hT sin m@%

The ComPonen{-s of ‘the @t‘eloQ C By, Bz, ng are nows

Siven by B o= - o aw
| = e
(.e. B._= ——-@——ZB B @}k B = _____f{ P

85" 3o 2 "% ~ rsin6 3¢

We obtarn now after some ey el man.«;gpulaﬁ'o.n:

N o A

n=p0 M=0

er (/)(3"’\(03 M -+ "\Tsm m@)

25009 --5- 5 (3™ o)

M(gm cosmMe +!—wm sen mqD)
8o(n0,) = meZZ[( e <,,,."‘]

PR (gnsinme — hacos mcp)

£ we ianor‘e for the moment the angle (<7°)-
between ‘the Une~o-P~St'3h+ and +the solar eg,_uq'bof‘
we can write for the Wne-of-s/ght comPonenf
of the PhofDSphe,m‘C Feld:

Be(r‘c,e, cp) = B,.(r-o)G‘, CP)SCn 6 + B,(r,,6 CP)COS 6

WiﬂH‘\ the abaoue expansfons) we obtain:



pm

\ °
Bo=> > {upsin B 2 Flm )

n=0o mMm=0

where F (n, m,q9)= g’:’cosmzp#—h:sin m

n-1 20+1

Up = (h“f"f)”‘ nc (;°> = (n+1) + n(ﬁrﬂ

r, \n—! Z2n+4
3 1+Cn?-9* =-~1__(£g)
s

n
)

i

Bj mul%{PlﬁLng Bg bj stn B¢

‘ ce n ’l)m'
B€ stn B :’:ZZ {u_n"am__ uncose Cosepr:n"un':oses{.negégjp@’m'i

n=o M=0
we can ublize the recurrence relabons (93 C/'\aflman

aond BQP%&(S lqéfO) P 622)

COSSP ,2n+4 i(nu)*m}’P -+ {n _mz}‘/z m]
2B, |
00 3 Lot - reofe |

Note +hat we hauve omitted +the argument of 'Pm(/J)

for converuence. We can now elimdnate the derivatioe

oF ?m and write far BeSLnG at r=r;:

B,Sin® = Z Z {unP: _ 4 [§(n+0z___mz}v2(un+ nuﬁﬂmse P

h=0 mM=0

——

. \ 4 [?nz—m?'}vz(uh“ Cn+1)0‘n)} CosB (P:jj F(nIm,?)
N+

We shatt comment below on the ocCccurrenc e

o{ {erms }cor\‘fair\i,na ?::l for n= O.

Once agaun we can apply the recurrence relahons



. ‘ g
b eblnwunate the cesB factors. Further SmeL{)C«'ca{n‘onU

results '(lram e 'FCLC-& Eha t

U+ N = 2n+1
4 n 2n+1

- (n+Du, = (2n+1) (%)

and by .m%fodﬁcl,r\d +he funckon

Y2
m 2 %
QT = {nt-m , @Qn=0

We then arriue at

m
sm@ w — n+, m 'Pm m .m
2:—8%0{ " 2n+3 [Qn+2_ h+2.+ Qn+an ]

1

Q:‘ 6 2n+

—*Zn-‘f ?; Qn Pn +@ (gncosrm? +‘1 5mmq9>
l+ SHOUJOQ be noted that @h=0 and that Qn“"::

-{:or n:{/m:‘-O thas sma us from dep_}_n,:na ’Pr:?z for
st orrut these terms .in actual Compufaﬁ'ons

n<Q. We g
while retaining them (n the {ormal expression,

Let us heep m Lioced anol write 'cut the contribubion
te the sums for oJ.A N

B™ = i {[u,,- am)” (@) (_g)‘z"”] pr

h=m 2Zn+3 2n—-1 s

s

m o .
— Qm—l Qm—?. .Pm 3 @:_' Q. - 2n+1 .
2n+3 n+2 2n—1 ( \) *

. (9nmC05m(P + "\:,nsmm(?>
We have in effect written
<O
B€S£né = Z Bm
m=



&

We nouws  decompose the sum wn BT (nto three Sums

as -Fo Uouss

i O(:’P:\(g:‘ cosm@ + l’)? sinmqa>

”F*Z @’nP (9n 7.C°qu0+h '2.5mm‘-?)

n=m+2

ol an§; P (am—wamCP“" "7 L0 SO mcp>
where m 2 M
ol =y — (Qon) (@ )( o
Zn+3 n-1 s
AL Q:—)l Qr: _ m Mmoo o
@n . 20—’4 > ﬁm ﬂ"’”"
3,‘2') _ f}_’fﬂeﬂﬂ ﬁ)2n+5
Zn+3 s

NO'&Q {tht “Hne d,(x.am"hﬂ V Lﬁd@lﬁ N (f\qg {j'ﬂ’f'e OLJ'fPef‘Gf\t

lower bounds - ane Hfe¢ €ach sum. This was dome

. m
wn order to hace enly ?n «n the expression, In

the last sum  the lower tndex n=m-2 cowld be
replaceo@ bej n=m because 5:'2 = X,:q,, = 0. We wil
do A,ust that Kom how on.

T‘L\e -Fur\cHor‘\ B_eSLne Can be developeoo n sp")?r"cd
harmom‘cs e}uu'%e generally:.
m :
B sinb = ZZ B (a? Cos Mep + by sin mCP>

n=0 m=0
[y 3 b Qm & bm
where we have to determine coeffHdents ay an n -



With the normalizabon we use — and shald orscucs
later - the associated Legencire foncbons  sabsey
Hne Fouowc'.na ohfhoaonQULj relabtan

Ji ]
i ) | TS e Wty dpd - e

6=0 ¢=0

We now evaluate Pr(8)B,sind [0 mbp and integrate
ouer the sPhere . Then +the reswlt ¢s on(ﬁ non—2ero

for n=n' and mMm=m’ leacding olirectly to a determin-—
abon of aAF and bY. UlSLnS a double sum rather than

thear'als we obfcun SWPLE]
e 20 +1
(8] 25 3 niempens e

where 5(6~ CPJ) is the cbserved ffeld at +the
'Pomt (GL’CPJ> The surface is JLiuvnded (nto e?uaﬂ

area r“e%:ons - N in oletitude and M tn longc%ude»
€ach specified through effectve colattude andf
(onﬁa‘.qude.

Bj nofinj that coefflicients +o casmo and S.l«nf\’\(?
must be eiuoﬂ wn bath expressions for Bsin€® we
obteun the Fouow'ms relabons:

al = o gn + B Gn-zt [ Gnea

b: - O(mhm h (5 L‘n 9.+Xn r:-&—Z
We now wish to selue for 9 and h for ol n andd-
m up to a certain mMmaXimum prineipal tndex n=TT



N

et us flrst write out +the above relabons ex-—

PL\‘C,{-ELQG ) Say for m=0:

0 o o 6 o . ° =
Ovc; = O(g 9e T (30 9"2 T (To 82 5 remember @o ©
O —

O aQ e [o)
09.20(492'*‘@2_30 +b«232_
03= %393 + 39 T i g%

- o .0 0 o o

0q= X9, + L49e + Y296

o O
a5 = X595 + 3593 + )89y
We can rearra,nge the scheme and (write

;= [of, 9o|t 04t ++ 0493 + 0g% +03§T03f;
*i= 098+l gl + 093 +[yT9¥+ 058 +Ogiiog
A T {2 Jos+ 09, +O(§8;+ 093 ““‘&239%*‘ 0351'036
a%:: Ogi'+ + 032 + o@gi -+ OSL{ ++096
°= 0q; + 097 ?
o‘"in 30 t + 083 +O<q9q -+ 085'4'8?36;

Qg = 090 + 03. + Ogoz +ié23§§+ anq +O(535+08%
+ 0972 + 09% +@§?}+ 032{&?32

We Cmqa;vne that the scheme contnues ¢‘ndef—im“fe({j

to the r‘fsh't. For reasons O-F Space we have oar—
b{{'rar{li.j truncated the scheme ofter N=6G.

)
(O
f
O
o
o
+
O
€}

Leé us PlQCe the source Ssurface g+t lnﬁ‘m‘éd)
then (r./rs)=0 and (Z\“ = 0. 1n tus case 32 and
8? ~FOUOUJ t'mmeot.t‘aée(:vj From QZ Q,f\d Q? s and ﬂ\en



8% folows FHrom 93)93 and 0?2 ,etc. . We have ot
a tuu‘g‘ue Solut'en ferr 9?1 - and by extension facr
the generaf case, This (s not +he case, howeuver,
for M/rs 0. But, f we may assume - frem

P\—uasfcq,Q reasc:ru'ng or (‘\/ust mathemat cal necess:’Lj-
Hhat rgx;moogﬁ‘=0

at seme S‘upﬁt'c_fe,n{:lﬁ LU-@H n CSa,:j at n:.:T) and

then e can ‘E(u,nCo.fe the scheme

J

cons,)der ‘Hhe scheme as a system of UWnear

‘efzua’b‘dns (e:c%e.nou',na doewsn to m=TT .'Ec)o) whu eh
mag 'l:'heh be Solueo’ 'POr‘ ‘H’\e 82

m M m
a = K3
where the uectors M and 3m are

m

m’:amf‘I) O’m+2) me3 2o T

m - m m m m
3 | <8m ? 8m+{ > 8m+9_ P 8m+3) vt > 9?‘)
Clﬁ(?l 'k"\e ma{‘*rt:x‘ Km LS

™ m 0 . Oj
o 0 ym O 0
0 O(hr:ﬂ 0 KmM 0 0
m m "
- (5m+’2. O O<m+2_ O fvg O o
m m m :
\/< - 0 ém+3 0 O{m+3 O Kmf'_‘: . : "3\
m m !
0 O (Am+‘~t O O<m+q O ... O
0 O O @:*'5 o) 0(;:_5 v . %‘[’.2.
. es e n ev ¥ Y e -r-“- * o m
(0] O O e O (5'[“ 0 O(T_J



- . &/
If we let L denote {Ae enuerse of mabrie KT

e mMay note that K™ (s very well consliboned o Ad

can QQSQLH be ithnuverted — e 1C1‘hau:vj o bted the
soluthens we are See‘m;nﬁ

| 9m:: L’“Q_,m ) W:Lmbm . m= O/'f)z),_.)T‘
We may also note that the matrices L™ are of
moderate size., For T =10 L” is an x4 matrisc
and Ll1 (S a [x] mabrix

2

, etc,

Although we have czlfeqobj generolized +to
the case m>0, it As tnstruekve to finish this
sechon by wrihlna cut the scheme for Mm=94 and
shUu truncate after n=G:

4 _ 44 A 4 4 4 4 ‘

oy = Xy 94 + @‘f92+ §49e j ageun: Fi=0
":.

s 9% *@ 93"" Xs?v 5 also: @gz
‘1,..

2o 68@ t 669‘1 * dfaﬁg 5 but: (327—‘0

We write as before :

4 4 4 4 4
al =gyt Ogg tla9e " 03(9 + Ogb+

O’}"‘ OEM* 0(535“' 03(9 +X 87+ Ogg+o d oaee

@Gﬁq 095 + deﬁ@* 037 *5@38""0 + 0.

So that: <O~q as OZ), 94=<8w8‘5,86> , Oﬂoe
l”o(‘? o 27
4
WK =10 o o

ﬁ@‘}p o) o<g—J



N

It is clear how we are relying on g% and 9<8, o
be small for the oabove procedure +t5 wark. We
are here h-e(,pecq cOnsichrabLﬁ by the fact that Kr’?
is very small for large n. [t contains +he facter
(r'o/rs)zn+5 whueh s 2..,:; for ny=2r, and n=7 while
o(';f: and @: are still of magrutudes caomparable
with .

We shall now attend further detasls of

the Compu{*aﬁ'on. The Newmann {form of the as-

Socvated Leae,ndre‘ functons is giuen by
[ _ _ A —ro-
P (9) - (20). | Smme {Cosn me__ (n-mYCn-m )Cosn m 2,9
. 2"t (h-rm! 2c2zn-1)
(h-m)(n-m-1) (n=m=-2)(n-m=3) Cosﬂ“m-“fe __}
2-4- (2n-1(2n-3)

When (h-m) is even, the last term inside the curly
brackets (s a constant  otherwise it s a mulhple
of c©os5B6. The functons Fﬁ,'m are of very di'serse
orcer of rmagrnetuce; for example , the mean
valueg of +the Squares of 'Pq)1 and P‘b‘l are (n the
rato 1:201b. The Fenchions "Ph’m will therefore
be replaced by other ‘PMCHons"P:‘) which are
merely neumerical mulbples of Pm but have
the desicable Pr‘operLj that ‘l:H; Surface harmo -
rucs ”P,Z“(e)igj’:}m? have the same aorder of mag-
rnutudde as the Zonol funcbons (il e. m=0) of
Hhe same degr*ee. These news funchons are not

Comple&euj Nnormalized <(n the sepnse that the



N/

ars erag e Sc‘r’uofe value of P:(s)?g?:fmcp over the
Sphexe s wnthj - <t AS@. by the way A/ Can+4) —

but they are more converient wn pracbtical work

RPN ‘(——("\Q r’oPCC{Q‘en'L‘S QT a.noo h:‘n ‘-‘nd-t‘Cafe Q,t

once the Q,Pe)ro:}fimai:e orders of mqan,{ﬂéuo?e, off the
C‘orres?onaﬁ.na terms o the expansion of the potential
thot we haue developed.
The hecessary transformablon (S giuen by
/ ~m) ! %
PrCE) = 4 @.____T.._;
n (6) 7T 50 Pﬂ,m(e)
where amr-z for m>0 and 3m=4 for m=0,
Nowsr , evenry Sphefu'Ca.Q funchion PR (6) has (-m) real,
JufLerent z2eroS between 6=0 and S=J‘r/ s +the
R m S
surface harmonics Py (6>§§:n}m@ sarush ajonj Cn—rey)
circles of latitude , and also | because of the

cosSm@ or SanCp Facéors, a,?cnﬂ 2m meriotlians at
e?uaﬁ intercals Gr/m . AU these Zero-lines wde

the surfoce of the sphere ‘nto four-cornered
(or} at the poles, three-~ cornered) regions (N each of
whu'ch +he St‘can of the harmoric (s cOnS%an'l‘,thile
tt reuerses on croSSLns the bou.noQar-j betwween
acﬁjacen% realoﬁs- Consequen{:% , for n>mMm> o | the
surface harmonics are called tesseral (from
Ltesserae = Quacﬁr-il_afemﬂ %ablefs) harmonsecs. When
m= 0 , the funcBons are called zonal harmondcs,
whule the funchens are lknown as sectoral harmo-
nics when n=rm because there are no drcles of

lat itude oclong which the functons wvanish.
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We uwntrooluce now a ‘FUJ\C'h‘on W, a;uen by

W = {3 [@n-ml]z}"z

(n=-rm)!Cn4rm!

where we have defined (2na-)H=12.5- (2n-3)(2n- 1)
So that (2n§‘="2nh‘ (2n- 4)” FurfhErmore a auan'h{y
n,m

We is defined by the pauowms recurrence relgkon -

u""l, ,i . u";"’: u"m (n- m"'L-H)(L'*Q n+m)

i (-2 3 (2n-i+1) for >0

Then we can exPreSS? as folUows

Pr®) = W sin 92: u"" ST

i=0,2,4,.
Note that i increases n steps of 2,

One showld be careful (n the calculaton of v\/':: N
order to auoid ouerflows tn the numerrcal edalua—
Horn of +the larse factorials. Rather than the
algebraic definiton given above we wowld Uke
to gqive an QAvKCIE)r';'“’\W‘E_ de firutan r-eC(ecH,na a
certoun Care n hanouina the nambers:

real Proceob.u'e WCn,m); value n AR ‘”fQSQ‘r n.m;
bea,u-, integer k,p, 93>S real t,
= 2wn=1, pi= ntm; 2= N~m; S=0;
_E::: tf m=0 +then 4 else 2;
_FO,— ki= 2xn S{:ep -1 until 1 do
beam t:= {:*r' r=r-s; Si= 2-5;
if p>1 H\en begm ti=t/p; p=p-1 end

else if g>1 then be timt/ -1
Cend, 9 Fn 233791 end;
= sa_m‘: €D

Ao D
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If absolutely negessary the square root may be

extcacted in the (nner lOoP instead . This wil
Slowr down the Pnoced,ure but also meroug (S e~
merical robustness,

It can be argued that an algorithmic definition
+tends to obScure the mathematcal c(arii:/ and s
therefore wferiar to an algebraic defiraton . This

is not a,mejs the case, however. The \Couow‘ms al~

Sorifhm for ComP'—%f‘fng 'Pr:h LS Cohsiderablﬂ clearer
than the algebraic definition of Pl = in aditvon o

beLnﬁ more useful:

real procedure P (n)mifheba); value m,n theta :

integer nm ; real +theta;

begln integer f‘l:,nm ; real s,t,c c2;

| C:= Cosffhe"ta); c2:= Cx%2 ; nm:= n-m; s:=t:= {;
for u=19 step 2 until nm do

bea'bn +:= 'l:—)(-<£——nm-2)*(nm—-f.+’l)/(2*n~f.-H_)/l.—';
Si= Swc2 +t;

end; comment: now , if mm (s odd then.., ;

vfF Am mod 2 =1 then SI=S%C;

Pi= 5% W(ln,m) * stn (theta) s m ;
end;

Rather than usung o Library procecture n ordef‘m‘to
solue the Sys’:em of Whnear eiuaﬁons of sm and R
we w1l kake aoﬁ.unnfase of the fact +that the matn>x
Km 'S very well concithoned and odso that it is rather
sSparse. The folowing procedure solues the system



)

eﬁ@*‘d@n{’{g and for 3mcmo(’ !’T at the same time.

Proc.éd,u.re solue (K’m’T’ q_)b>3 value ?'Y'\,TS

begm real oUu', ratio N ‘.,nteae,r‘ L,j ,h ;

-For L= m S'l:e,f: { unbtl T do
begin duu = IK(L,1);
*For\j::m Sf:ep { unbl T do K(C,j)== K(f,j)/ouu;
al(i):= a(i)/div; b():=bli)/ v,
for ji=m step 1 unt'l T do
tf L<>J. then
be%in ratiorz K(j,t);
tf ratio <> 0 then
beaLn for hiz m step 1 until T do
K (§,h)= () ,h) —ratiow K({ h);
a(j):= alj)-ratoxali);
b)) = b —ratiox b(i);
end

end
end;

end;
Here a and b are ‘the uectors a” and bm.The solution
gm and k' is returned (n place of o and b. Note that
Phe ratric K™ is declared WK ({(m:T,m:T) qs a and
b (and g and h) are declared a,b(m:T), T, get
the CompleJce set 9? and hnm we must solue the
system for m uqryLng from O to T . This -
volues of course computaben of CT+1) matrices

Km an d vectors Qm,bm,



To compute Km, we {Lrst  write for &I A

O(m = U - (Q':H)Q (G)m)z( 2n+t
n = “Yn =2
2n+3 2n-14 )

m \2 rm \2 {

— ((n+4)“(an+n) )+ " - (Qn) (E>2n+
2n+3 2n—-'1 r~

(h+t) (Nn+2) -f;@?
Zn +3

1

(n-a)n + mQ' C )2n+'1
2a0-1 (

4 for @.T andl r’r?

P

2n—1
iy
eﬁ:‘ = - {(Cn—u)'?-__m?-)((rwzﬂ_.m?-)} (“o )2n+~5
2n+3 Cs

We set F‘o-':{ So that rg will be expressed

radit. The maun Pr‘oblem Cs

ch Salar
now to idenh‘-ﬁy the
three diqaonais of non-2ero uvalues of the elements
O‘F Km wn terms o-F orrcxj-. indaces. The .Foucw.:na

ProceaLure computes the elerments of K™ for o

gtuen ralue of the Source suPFaCe radius fg.

T+ is called with wvalues ef m and T and con-
structs the Km»mq_&:x to be used n a catl of
'solue'!. The computation of K™ cowl have been

performed explicitly wnside 'soloe! | but then we

would be \/Zoquir\g o Sound principle

t O-F

ft)(‘og r*a,mming: euer:y

suburat of Your computation
shouwld bLe less than

o page of texct tona"‘



procedlure 9e{K(K)m)TJT.‘S)3 value m,T, rs;

read array KK ; integer m,T; real rs;

beg),n integer [,nj real m2: m2:iz mxx2
for ni=m step 1 unkl T do
Eea,{,n for ti=rm step 1 unt't T do K(L')n)-‘—'-'- O:

K(n, nY:= ((n 4% (n+2) + m2) / (25 +3)
+((n=1%n + m2)/(2n~4)/r‘s %#(2wn+1);

end;

_For- Nn:= m+2 S‘E‘&Pf unti Ll T do
K(n,n=-2):1= — Saf"t (((0'4))6%2— m(l)*(nx»")_—mi»/(:?,xn-'i); |
for ni= T=2 s%e?-'f until m do

Knsn+2)i= — sqr((n ) ex2 "mz)*(<n+2)**2-m2))/<2wn+§5

l/rs ¥ % (Z*n +5)3
end;

We rmust now turn to calculabon of the wectors
a and b. Since we shall be deo.zuns eyt reat
doata — as real as solar magnetograph data are-
we will have to be speafic. The ragnetograph
data s ferst oraam‘zeaﬁ ‘nto syneph'c charts _

usinﬁ as far as possible
tral Meriolian on (se that B? projected onto

the Une~or“813h% 'S 'zer'o). "T[-\e Sp“\ere 's clin deod
into north—sowth sfr[Ps each {p° ¢

ohs ercvatons near Cen-

de (n helio -
3raph)c lonﬁf-éuo(e and  centered on loneiéudes

Si ‘ij.._} 355°, We have 36 such strips. A furlher



N

division wnwto 30 east-west 2ones S made in
Sine  of heliographic latitude. The customary num-

bering scheme is shown below:

o ° (20° ° 240° e °
{—p & . 180 : e Nerth
L.30°
s
. NN
L ‘6/__>- Egua‘br
L -30°
30"-—-\:1 PR O S S | i LI I WK T S ¥
, T
'y ? T £ § Zo0th
36 34 “ | G 1

One wmay note that the spatial resoluton is not

the same N lonaiéude as wn latitude — the latter
fnwmﬁ the "\,88{'16%'& -resoluti'on . We are ‘bry;,na to acC-
C‘ommooqaée‘ ‘Hie ‘FQC{? that Solar
a Smcuu Scale ;o-P’l:er\ Show

maghehc £lelds on
considerable zZonal or-—
Sam'z.q.h'om. How weld we aci«—uquy Can oo that
uLHma’fe(ﬂ depends on the aperture
{-Oarq,f;h, With the 36%30 g

extend “the computations +o

o{f %e mqane._
AL we can gt most

Pm‘nq‘Pq,Q index T223
for the expansian of the potential.
Wi th N=30 and M=30 we have the follawing
mAppingt 5. o T N+ ~2¢
y N

-— — arecsin

2

i1

qDJ '2"/\:%1 (M*J + O.5>



N

which (s easily verifiedt, e.g. by compubing O, and 6, ,
Py and Pag -
Two precectures to compute cosume and  sine  of

8 and Mm@ Can Now meeouatetg be written, down:

proceduire get theta (cth, sth); real arrasy cth, sth;
begin real th ; integer (;

‘FOF' L= '( S‘Eep “ unt'l (e do

begin thi= 157079637 — arcsin (i +1- Qi )/10) 5
cth (i):= cos(th); sth(i):= stn(th);
end |
end;

Proceatufe 96’Cmphfc(m)cmphﬁ, SmPh,l)g value mM;
be%ln real s, mphs; integer j;
g: = Q*B.MISO\ZGS%m/J\j;
for 3‘24 step 1 unh'l JJ do
bea/‘.n rephii= (jj~ j+0.5) %S5 |
CmPM(j):: cos (mPh,i); smph;(J-):::Sm (mPhl);
end;
end;
Note that we have used 3lobaﬂ noemmes O an&\b’
for N and M res;aec{w‘uetg.

:[n QPPLU‘MS %Q OFH\anF\Q/Q,(‘{j l‘elah‘or\ ‘lb Seb
Q\:, an & b: we Compufﬁ the ?MOAH'@*&

B, (6, ¢)sin® P (8)



Raother than cornputing rP:M‘ we will define the
quantity X (8) by

XT(6)= sinB R (6)

n-rm .

o h,m h-m-t

° XN(6)= Wlsin 6 2 Ujees” B
: £=0,2,4...

and device a procednre to  compute X for giuven
nqnzimForaMiiwa/LuesoFe:

Proceotufe 364:9C(9C, n,m, sm); value n,m;
el array X,Sm; integer M,m;
beaLn integer ,nm,R; real c,c?,s5,u;

-For = step { unhbl it do

begin c:= cth(i); c2:

N

C**2; nm:= n-m
gi=wi=1;
-For ki= 2 Sl*epz unhl nm do
be%Ln wi= ux (k- nm-2) *(nm~h+4)/(2*n+4"k’)/}’<5
= SxC2 tuw
end;
}.F nMm rmod 224 then SI=SH*C
()= sm(i)xs% Wlnh,m);
end
end;

Note that c th ('{?i[) (S an external or 9loba,Q
array holdung cocs & and sm (1:ii) is an

arroy
. . mid
\qo[ob.na Sun 9 These o.rrays are o«F course Ln-

troduced (n order 4o auoid "“eCOmpu‘Hr\S the -{r\‘ﬁw
{uﬁch‘cns JL Hhe Hme,



\/\)lH‘\ tHiese tools we can write tHhe P*’“OCQ:U re 1o
cormpute the uveckors @7 and L.

procedure getab (BLS, m,T,a,b)i value M, 1
real array BLS, a,b; tnteger a,bj
beqin <integer i, f,n; real Sa,sb si;
real oarcay 2,Sm ({:00), C9‘5<1:\U)3
for (24 step 1 unbl it do sm(i):= sth () s»x(m+1) ;3
3e{‘mphi (m, C, S);
for ni= m step 1 untl T do
be%xln sai=sb:= 0; getax(ax,n,m,sm);
for ji=A4 Step 1 unh'tl JjJ do
be%,i,n sti= O
-{or L= step { unb'l ¢ do sii=si+ BLSCj, 1) %oc () ;

Sa= Sa+ sixc(j); sbi=sb+sixs());
end;

a(n):= Sax(2sn+1)/Civ*jj);
b(n) = sbx(2awn+1)/Ciixii);
J3J
end n;
Qn&)'
The array BL.S(hJJ.,'“'LL) ts the observed Une-of-
528(*\4: maane’(‘\\c Lleld. ALSO§S1H\(1'.{.L) &us{- halds

stn 8 and s 83.0‘00.1 to the procedure., [The butk
of the r‘unr\,'uxﬂ tme wWill be spent

. L |
wto s,

L:e. wn the [OOP-‘

-For" Li= 4 S'ECP 1 unbl & do st:=s( + BLS(J‘,L)*DCG)
Thais s the 0"\\3 place where further optimization wr U



. N
have any slgr\i{{can% effect. ITn an actual m—

Pleme,n'ta'b‘on of <he Proceobufe s LOOP may w i th
be replaced i th

cansiderable SMnncs wn run-tbme

an assembler —coded routine.

We are finally n the posibion to caleculate

‘E{qe COMF\éfe Set O'F C‘oe@{:«'cienfs 9;? m& ‘Wg’ M/P
to 'Pr(‘/ncipoﬂ uindex T .

Proceotwr'e 38"73"‘ <BL5>"5)T)3;('7)5 value rs, 1
real array BLS,g,h; real rs; (nteqer T

be%,'m Ln'fej?f g
for mi= O step { unbhl T do
beajm integer n; read array a,b (miT), K (m:T, m:T);
getab (BLS, m,T, a, b);
get K (K, m,T, rs);
soluse (K, m, T, a,b);

-For‘ n<= M S\ISQP 1 unh!l T do

be%,Ln 3Cn,m)’-= al(nd;
h(ny )= by s
end; |
anl;

end;
Before thus procecure s called the variows glokal
arrays shouwld haue been iritallze rst, The
toted calculaton can he done by a program of
about one hundred Unes of code . Conseqruenftﬁ et
s possible *o  comprehend the program and ewven
goin considerable fouth & its correctness.



